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The following result is established: 
THEOREM: Suppose that k 3= ISO and m are fixed positive integers. Then 

I vm — pq" 1 | < q K 

can hold for at most one pair of relatively prime positive integers p and q with q 2= 2 !, ( tym+ 1) ,; . 
The new feature of this result is that the lower bound on q is given explicitly and is "small." 
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1. Introduction 

Recently Schinzel [4] l and Davenport [1] have each obtained a result of the following sort: 
Let a be a real algebraic number of degree / ^ 2. Let s be a positive real number larger than 
s(r), where for Davenport r > s(r) =ir + 0(l) >%r while for Schinzel s(r) =3(r/2) 1/2 . Then 
there exists an effectively computable positive integer qo{ot* s) such that, with at most one excep- 
tion, every pair of relatively prime integers p and q with q^q {) (a) satisfies the inequality 

(Also Seppo Hyyro in [2J obtained something analogous to Davenport's result for /rth roots of 
rational numbers, where k ^ 2 is a positive integer.) 

None of these authors, however, calculated go (a, 5) explicitly for any class of a and s. With 
the aid of a theorem in a recent paper by the present author we can obtain explicitly a rather 
44 small" qo(ot, s) for a certain class of a and s. (Below one could drop the lower bound on A' very 
considerably by allowing a larger s < k and a larger qo(a, s).) 

THEOREM I: Suppose that k ^ 150 and m are fixed positive integers. Then 

\Vm- pq- 1 |<q" 8k (1) 

can hold for at most one pair of relatively prime positive integers p and q with q ^ 2 9 {^/~m-\- 1) 6 . 

DEFINITIONS: By a reduced approximation we shall mean a fraction - where p and q are posi- 

k 7 
tive integers and (p, q)= 1. Set 0(/3) =- ((- k— 2)0— 15). 

O o 
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THEOREM II: If m and k ^ 150 are positive integers and (3 is any positive integer such that 
m < 2 d{(3) then (1) is satisfied by at most j8+ 1 distinct reduced approximations. 

i k _j ^ 

THEOREM hi: If k ^ 150 and m < (q 8 2~ 16 ) 6 are positive integers then (1) £5 satisfied by at 

most two distinct reduced fractions with denominators larger than or equal to qo ^ 2. 

Setting go 5= 10 in Theorem III we obtain, 
COROLLARY: Ifk^ 150 ana 1 m are positive integers with vm < 10 20 then (1) ts satisfied by at most 
two distinct reduced fractions with denominators larger than 9. 

2. Section I 

PROOF OF Theorem I. We shall use the Theorem of [3] (which will be stated below for the case 
ki = l, n = 2, e = 2) and the supposed existence of two solutions of (1), p\ q' and p", q" where 
(p', q') = (p", q") = l and q" > q' ^ 2 9 (^m + l) 6 . 

From [3] we have: Let s and k be positive integers, and k ^ 2. Let 0<e< + °°bea real number. 
Let 

£=2 2 * +2 s 2 . 
Let N denote a positive integer larger than K. Set 

K ' log(2 7 NK) ' 
and 

(p(N) = (2 7 KN)«+* k - 1 . 

Let q denote a positive integer and (pi, p?) a nonzero vector of nonnegative integers. Let C denote 
any real number satisfying ^ C ^ 1. Then we have, 
Theorem: If q>$(N) 

max{ I CN^ 1 -pig- 1 !, \C{N + s) k ~ l - p 2 q-'\ } 2* i(2q) { A ^ 

for all C and (pi, P2). 

--k 

Returning to the proof of Theorem I, if | -tyrh — p'(g') _1 | < (q) 8 then \{q') k m— (p') k \ 
k 
< k{^/ni + \) k - x {q')*. Choose N to be the smaller ofm(q') k and (p') k . (Then m(q') k ^ N > m{q') k 

-k(^+l) k + 1 (q')*.)Sets=\(q') k m-(p , ) k \. 
Note that then 

K<2^ k + h-H^m j rl) 2k -Hq')^. (2) 

We shall presently show that N>K. Assuming TV > K for the present and setting C=l, we see 
that by the Theorem from [3], 

\ym-pq-i\^(2q')-H2q)~ {l + ^ } (3) 

for all positive integers p and q with g> (2 7 A7V) 6+3A ' _1 . We shall eventually contradict (3) with 
p = rp", q= rq" for a positive integer r^ 2. 

First to obtain lower bounds on A. Using g' >2 9 (^ / m + l) 6 and k ^ 150 we see that 

m(g') A >2(2^ + 1 A- 4 (A^+l) 4A '" 4 )(g') A ' /2 . 
Also, trivially, 

A'(A^+l) A -Mg') A/8 <2 3A+ U- 4 (^74-l)^- 4 (g') A/2 . 
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TV > m(q') k -k(Wm+ \) k - 1 (q')U*>2 3k+1 k 4 ( ^+ l) 4fc - 4 (g')*/ 2 > £ 2 > K. 

The last two inequalities come from (2). 

Using the triangle inequality we conclude that 



2(<?') 8 *> 



Q <l 



>((/'(/")-'; llius, q">Hq') s ' "^ M t . 



Nc 



3 3 log (2***) 3 log (2*X») 

A(/V) log (NK-i) hgK 



because N > A 2 as we saw in (4). Thus 



l + v4r<10 + ^I#<104 



A(/V) 



log K 10' 



(4) 



(5) 



3 fc+ l 

since K = 2 2 -s- > 2 225 . Now since q < q" and k ^ 150, 

(2q')-H2q")-^>(q'r* k 

so by the Theorem from [3], by formula (2), and by our bound on TV, 

q"< (2 7 £/V) 6+3A - -1 ^ (m( ^7w+l) 2fr - 2 2 7,/2+ H 2 (^')^') 6+3fr " 1 d ^- M 2 . 



Let 2 r- [MsMr 1 ]^! and 8= , log i g L ' 






8* 



<(2r<f) *. 



log (2r<7" 

Further S ^ [log (q")] [log (4M 2 Mr 1 ^)]- 1 > [log (MO] [log (4M 2 ) J" 1 , since q" > M u 
We wish to show that 

[fA-log(i(4')^ -1 )][log (4 W (A^+ip- 2 2 7 ^^^ 2 (^')^')^^ _1 )]-^l()i 



(6) 



- k - 1 
This would give us our desired contradiction since by (3) and (5) and the inequalities q" > iiq') 8 

and k ^ 150 



<tym- 



rq" 



> (2q')- 1 (2rq")- 10A > (2rq")- 10 - 2 



irhil 



wriile we would nave 



that 



rq 



< (2/V)- 10 - 2 . 



Since m{tym-\- 1 ) 2k ~ 2 < (q) 2 2 2 and A 2 < 2*" we see that (6) is implied by 
|/,[log a( 9 ')^" 1 )][log4(( 9 ')^2- 2 ^ 72 )^A-i ) ]-. ^ioi, 



2 Here only we use the greatest integer notation 
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which is implied by 

[ik log ((iq') lsk ~ 1 )][hg((iq') 7 * m+:ik ~ 1) ]- , * 10*. 
But then all that we have to see is that 

i(f*-l)(6 + 3*ri)-i^l0i 

if A ^ 150. This is easily done and proves Theorem I. 

3. Section II 

PROOF OF THEOREM II: If ^r and -^ satisfy (1) and q > q then either— = — or q >i(q') * A_1 . 

Thus if there is a /3+ 1 — st reduced approximation {ordering them by the magnitude of their denomi- 

nators) it has a denominator at least as large as 2 8 ^ 2 15 ( ^/m) 6 ^ 2 9 (^/m + l) 6 , so it is the 

final reduced approximation which satisfies (7). 

PROOF OF THEOREM III: If there are two reduced fractions — and — with q" > q' ^ q which 

satisfy (1) then 

q" > hqo**' 1 > 2 15 ( ^i) 6 ^ 2 9 ( ifih + 1 ) 6 , 

so these are all of the reduced approximations which satisfy (1). 
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